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On the ∞-categorical Whitehead theorem and the
embedding of quasicategories in prederivators
Kevin Carlson
Abstract
We show that small quasicategories embed, both simplicially and 2-categorically,
into prederivators defined on arbitrary small categories, so that in some senses pred-
erivators can serve as a model for (∞, 1)-categories.
The result for quasicategories that are not necessarily small, or analogously for
small quasicategories when mapped to prederivators defined only on finite categories,
is not as strong. We prove, instead, a Whitehead theorem that prederivators (defined
on any domain) detect equivalences between arbitrarily large quasicategories.
Prederivators, and especially derivators, are structures defined independently by
Grothendieck [Gro90], Heller [Hel88] and Franke [Fra96], as a minimally complex no-
tion of abstract homotopy theory. Every notion of an abstract homotopy theory C,
where for instance we might consider C as a quasicategory or a model category, shares
as a common underlying structure the homotopy category Ho(C). Moreover for every
category J there exists (unless C = Ho(C) is a bare homotopy category) a homotopy the-
ory CJ of J-shaped diagrams in C, which thus has its own homotopy category Ho(CJ ).
Indeed, each homotopy theory C gives rise to a 2-functor Ho(C(−)) sending categories to
categories. This is known as the “prederivator” of C. (Derivators themselves, which arise
when C admits homotopy Kan extensions, will be of limited relevance to this paper.)
Prederivators are thus often referred to in the literature as a model of abstract homo-
topy theory, but this intuition has not always been referred to mathematical. Especially
in light of the program, culminating in [BSP13], showing that all notions of (∞, 1)-
category live in Quillen equivalent model categories, one might hope that such a claim
should entail a Quillen equivalence between a model category of prederivators and some
notion of abstract homotopy theory. It is more reasonable to ask for an embedding of
homotopy theories in prederivators, as many prederivators visibly do not arise from any
homotopy theory, and there is no suggestion of an axiomatization of the image. We view
the latter problem as the natural generalization of the Brown representability problem
from spaces to homotopy theories, and thus as the major remaining question in this
area.
However, it is not immediately clear that even an embedding is a reasonable thing
to ask, due to the primitivity of the notion of equivalence of prederivators. The usual
equivalences of prederivators are the pseudonatural equivalences of 2-functors. As was
first remarked by Toe¨n and Vezzosi in [TV04] and sharpened in [MR11], these equiv-
alences are too coarse to preserve the homotopy type of the mapping spaces between
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homotopy theories. Thus to get a true embedding of the homotopy theory of homotopy
theories into some homotopy theory of prederivators, one must refine the notion of equiv-
alence of prederivators, as was done in [MR] to satisfy related requirements of algebraic
K-theory. Alternatively, one can settle for answering the weaker question of whether
the 2-category of homotopy theories embeds into the 2-category PDer of prederivators.
We investigate both approaches in this paper. The first approach leads to a simplicial
category of prederivators PDer•, so we have the two animating problems of this work:
The simplicial embedding problem: Let HoTh• be a simplicial category of homotopy
theories. Is there a simplicially fully faithful (at least up to homotopy equivalence) func-
tor HO : HoTh• → PDer• sending a homotopy theory C to its associated prederivator?
The 2-categorical embedding problem: Now let HoTh be a 2-category of homotopy
theories. Again, can we construct HO : HoTh → PDer which is 2-categorically fully
faithful? If not, is it at least 2-categorically full, or even less, conservative? That is, if
HO(f) is an equivalence, must f also be so?
We are able to give a positive answer to the simplicial embedding problem, which
might seem to be the end of the story. However, we regard the 2-categorical embedding
problem as not just a truncation of the simplicial problem, but as significant in its
own right, for the following reasons. The 2-category PDer is much more elementary
than the simplicial category PDer•: it is a completely ordinary 2-category of 2-functors
valued in categories, so nothing more than a 2-categorical version of a presheaf category,
constructed with no input from homotopy theory.
Given the success of the program of Riehl and Verity [RV15a], [RV15b], [RV15c] (etc)
in reconstructing much of the theory of quasicategories by working in the 2-category
QCAT thereof, to the extent we can give a positive answer to the 2-categorical embed-
ding problem, we will thus have reduced a large part of abstract homotopy theory to
ordinary category theory.
Not to be coy, we will find that the 2-categorical embedding problem does not al-
ways have a positive solution. We draw the following analogies, extending that above
between the problem of the image of HO and Brown representability: the question of
the faithfulness of HO on 2-morphisms is essentially a question of phantom maps, or
of the concreteness of HoTh. The question of fullness of HO is analogous to another
Brown representability problem, namely, the homological Brown representability, which
asks when not only objects but also morphisms are representable. For this to be non-
trivial, we must consider a 2-category of prederivators defined only on homotopically
finite categories. We expect the solutions to these problems to be negative, though they
must await future work. Finally, the question of 2-categorical conservativity for HO is
analogous to that resolved by Whitehead’s theorem.
Summary of Results
We take quasicategories as our model for homotopy theories. We will denote by QCAT
the 2-category of quasicategories, and by QCat the 2-category of small quasicategories.
A prederivator is a 2-functor D : Diaop → CAT, where CAT is the 2-category of
categories and Dia, for us, may be either HFin, the 2-category of homotopically fi-
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nite categories, or Cat, the 2-category of small categories. Note that other authors
axiomatize a more general class of possible 2-categories Dia.
Remark 0.1. We must distinguish carefully between Cat and CAT. Though size issues
are often brushed aside, they are to a great extent the crux of this paper. A vague way to
summarize our core results is this: all quasicategories can be probed by small categories,
but a large quasicategory can only be constructed out of large categories.
Denoting the 2-category of prederivators with domain Dia by PDerDia, we can
construct 2-functors HO : QCAT→ PDerDia for each Dia, as well as their restrictions
to QCat. We can also restrict to the underlying 1-categories, where it is most natural
to take as codomain the category PDerstrDia of prederivators and strict morphisms. We
shall use PDer as a shorthand for PDerDia in statements holding for either choice of
Dia.
In short, our results are as follows: every version of HO gives a positive solution to the
simplicial embedding problem and to the conservativity clause in the 2-categorical em-
bedding problem. But for a positive answer to the full 2-categorical embedding problem,
we must take a form of HO in which Dia contains categories as large as the quasicate-
gories in the domain.
First result: In Theorem 2.1, we show that the ordinary category of quasicategories
embeds fully faithfully in any category PDerstr of prederivators with strictly 2-natural
morphisms. This extends to an embedding QCAT• → PDer• of simplicial categories,
where the domain has the usual simplicial enrichment. Thus, quasicategories and their
mapping spaces, higher homotopy groups and all, can be recovered up to isomorphism
from their prederivators and strict maps. The surprising on-the-nose quality of this
statement reflects the use of strict transformations of prederivators. Thus much hinges on
the presence, in the more natural 2-category, PDer, of pseudonatural transformations.
Second result: In Theorem 3.1, we answer the 2-categorical embedding problem posi-
tively for the case of small quasicategories and prederivators defined on small categories,
that is, for HO : QCat → PDerCat. We give the analogous result, as a corollary, for
2-categories of quasicategories and prederivators admitting various limits and colimits.
The main tool is the delocalization theorem, Theorem 3.3 published by Stevenson, which
realizes every quasicategory as a localization of a category.
The main previous positive result on the 2-categorical embedding problem is due to
Renaudin [Ren09]. He is able to embed a 2-categorical localization of the 2-category
Mod obtained from the 2-category of combinatorial model categories, left Quillen func-
tors, and natural transformations into the 2-category Der! of derivators, cocontinuous
pseudonatural transformations, and modifications. By “embed,” we specifically mean
that Renaudin gives a 2-functor Mod → Der! which, after localization, induces equiv-
alences on hom-categories, so that it is 2-categorically fully faithful.
Thus we are giving, in Theorem 3.1, a new proof of Renaudin’s result, insofar as com-
binatorial model categories are equivalent to locally presentable quasicategories, which
are in turn equivalent to small quasicategories admitting colimits of some bounded size.
(See [Lur09, Section 5.5].)
Third result: Our final result is Theorem 4.3, which shows that every version of
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HO satisfies the conservativity clause of the 2-categorical embedding problem. In other
words, the prederivator is enough to distinguish equivalence classes of abstract homo-
topy theories, no matter which size choices we make. The proof is unrelated to that
of Theorem 3.1, and relies on the author’s Whitehead theorem for the 2-category of
unpointed spaces [Car18].
Conventions and Notation
If C is a category (or a 2-category, simplicially enriched category, etc) with objects c1
and c2, we denote the set (or category, simplicial set, etc) of morphisms by C(c1, c2).
We will frequently alternate between viewing the same collection of objects as a
category, 2-category, or a simplicially enriched, or just “simplicial,” category.
Convention: We will denote the category, the 2-category, and the simplicial category
of foos respectively by
foo, foo, foo•
Furthermore, when applicable, the above will designate the category of small foos while
FOO,FOO,FOO•
will refer to large ones. We operationalize the term large to mean “small with respect
to the second-smallest Grothendieck universe.”
We denote isomorphisms by ∼= and equivalences (in any 2-category) by ≃.
We denote the category associated to the poset 0 < 1 < · · · < n by [n], so that [0]
is the terminal category. The simplex category ∆ is the full subcategory of Cat on the
categories [n].
If S is a simplicial set, that is, a functor ∆op → Set, then we denote its set of
n-simplices by S([n]) = Sn. The face map Sn → Sn−1 which forgets the i
th vertex will
be denoted dni or just di. We denote by ∆
n the simplicial set represented by [n] ∈ ∆.
Equivalently, ∆n = N([n]), where we recall that the nerve N(J) of a category J is the
simplicial set defined by the formula N(J)n = Cat([n], J). The natural extension of N
to a functor is a fully faithful embedding of categories in simplicial sets. See [Joy08,
Proposition B.0.13].
Definition 0.2. Below we recall the various 2-categorical definitions we will require.
For us 2-categories are strict: they have strictly associative composition and strict
units preserved on the nose by 2-functors. We denote the horizontal composition of
2-morphisms by ∗, so that if α : f ⇒ g : x → y and β : h ⇒ k : y → z, we have
β ∗ α : h ◦ f ⇒ k ◦ g.
Morphisms between 2-functors will be either 2-natural or pseudonatural transforma-
tions depending on context. Let us recall that, if K,L are 2-categories and F,G : K → L
are 2-functors, a pseudonatural transformation Λ : F ⇒ G consists of
• Morphisms Λx : F (x)→ G(x) associated to every object x ∈ K
• 2-morphisms Λf : Λy ◦ F (f)⇒ G(f) ◦ Λx for every morphism f : x→ y in K
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satisfying the coherence conditions
• (Pseudonaturality) Λf is an isomorphism, for every f .
• (Coherence) Λ is a functor from the underlying 1-category of K to the category
of pseudo-commutative squares in L, that is, squares commuting up to a chosen
isomorphism, where composition is by pasting.
• (Respect for 2-morphisms) For every 2-morphism α : f ⇒ g : x→ y in K, we have
the equality of 2-morphisms
Λg ◦ (Λy ∗ F (α)) = (G(α) ∗ Λx) ◦ Λf : Λy ◦ F (f)⇒ G(g) ◦ Λx.
In case all the Λf are identities, we say that Λ is strictly 2-natural, in which case the
axiom of coherence is redundant, and that of respect for 2-morphisms becomes simply
Λy ∗ F (α) = G(α) ∗ Λx.
Finally, we have the morphisms between pseudonatural transformations, which are
called modifications. A modification Ξ : Λ ⇛ Γ : F ⇒ G : K → L consists of 2-
morphisms Ξx : Λx → Γx for each object x ∈ K, subject to the single condition (note
the analogy with the definition of respect for 2-morphisms) which is simply G(f) ∗Ξx =
Ξy ∗F (f) when F and G are strict, and in general is (G(f)∗Ξx)◦Λf = Γf ◦ (Ξy ∗F (f)) :
Λy ◦ F (f)⇒ G(f) ◦ Γx, for any morphism f : x→ y in K.
An equivalence between the objects x, y ∈ K consists of two morphisms f : x↔ y : g
together with invertible 2-morphisms α : g ◦ f ∼= idx and β : f ◦ g ∼= idy.
We now recall the definitions relevant to the theory of derivators.
Definition 0.3. A prederivator is a 2-functor D : Diaop → CAT into the 2-category
CAT of large categories. The 2-category Dia will be, for us, either the 2-category of
small categories Cat or the 2-category HFin of homotopy finite categories. We recall
that a category is homotopy finite, often (and confusingly) called finite direct, if its nerve
has finitely many nondegenerate simplices; equivalently, if it is finite, skeletal, and admits
no nontrivial endomorphisms.
For categories J,K ∈ Dia, we have a functor diaKJ : D(J × K) → D(J)
K induced
by the action of D on the functors and natural transformations from [0] to K. We refer
to diaKJ as a “partial underlying diagram functor,” and when J = [0] simply as the
“underlying diagram functor,” denoted diaK .
We will often denote D(u) by u∗, for u : J → K a functor in Dia, and similarly for
a 2-morphism α in Dia.
Below are those axioms of derivators that are relevant to this paper. We stick with
the traditional numbering, but leave out the axioms we shall not consider. The 2-functor
D is a semiderivator if it satisfies the first two of the following axioms, and strong if it
satisfies (Der5). We introduce here a variant (Der5’) of the fifth axiom, prederivators
satisfying which will be called smothering, a` la [RV15a].
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(Der1) Let (Ji)i∈I be a family of objects of Dia such that
∐
I Ji ∈ Dia. Then the
canonical map
D
(∐
I
Ji
)
→
∏
I
D(Ji)
is an equivalence.
(Der2) For every J ∈ Dia, the underlying diagram functor
diaJ : D(J)→ D([0])J
is conservative.
(Der5) For every J ∈ Dia, the partial underlying diagram functor dia
[1]
J : D(J × [1])→
D(J)[1] is full and essentially surjective on objects.
(Der5’) For every J ∈ Dia, the partial underlying diagram functor dia
[1]
J : D(J × [1])→
D(J)[1] is full and surjective on objects.
A morphism of prederivators is a pseudonatural transformation, and a 2-morphism
is a modification (see Definition 0.2.) Altogether, we get the 2-category PDerDia of
prederivators defined on Dia. We shall make use of the shorthand PDer to represent
a 2-category of prederivators defined on an arbitrary Dia. When we insist on strictly
2-natural transformations, we get the sub-2-category PDerstr, of which we will primarily
use the underlying category, PDerstr.
Let us remark that, in the presence of Axiom (Der2), (Der5’) requires exactly that
dia
[1]
J be smothering in the sense of [RV15a], which explains the nomenclature.
Acknowledgements: Thanks to Paul Balmer, for his advice and support; Denis-
Charles Cisinski, for suggesting the application of the delocalization theorem; James
Richardson, for pointing out an error in the original proof of Theorem 4.3, and Mar-
tin Gallauer, Mike Shulman, Ioannis Lagkas, Ian Coley, and John Zhang, for helpful
comments and conversations.
1 The basic construction
In this section, we will describe association of a prederivator to a quasicategory as a
functor, a 2-functor, and a simplicial functor.
The prederivator associated to a quasicategory
We recall that a quasicategory [Joy08], called an ∞-category in [Lur09], is a simplicial
set Q in which every inner horn has a filler. That is, every map Λni → Q extends to an n-
simplex ∆n → Q when 0 < i < n, where Λni ⊆ ∆
n is the simplicial subset generated by all
faces dj∆
n with j 6= i. For instance, when n = 2, the only inner horn is Λ21, and then the
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filler condition simply says we may compose “arrows” (that is, 1-simplices) in Q, though
not uniquely. Morphisms of quasicategories are simply morphisms of simplicial sets. The
quasicategories in which every inner horn has a unique filler are, up to isomorphism, the
nerves of categories; in particular the nerve functor N : CAT→ SSET factors through
the subcategory of quasicategories, QCAT.
Every quasicategory Q has a homotopy category Ho(Q), the ordinary category de-
fined as follows. The objects of Ho(Q) are simply the 0-simplices of Q. For two 0-
simplices q1, q2, temporarily define Qq1,q2 ⊆ Q1 to be the set of 1-simplices f with initial
vertex q1 and final vertex q2. Then the hom-set Ho(Q)(q1, q2) is the quotient of Qq1,q2
which identifies homotopic 1-simplices. Here two 1-simplices f1, f2 ∈ Qq1,q2 are said to
be homotopic if f1, f2 are two faces of some 2-simplex in which the third face is both
outer and degenerate. We have a functor Ho : QCAT→ CAT from quasicategories to
categories, left adjoint to the nerve N : CAT → QCAT. This follows from the fact
that a morphism f : Q→ R of quasicategories preserves the homotopy relation between
1-simplices, so that it descends to a well defined functor Ho(f) : Ho(Q) → Ho(R). In
fact, Ho : QCat → Cat admits an extension, sometimes denoted τ1, to all of SSet,
which is still left adjoint to N . But it is not amenable to computation.
The fact that quasicategories are the fibrant objects for a Cartesian model struc-
ture on SSET in which every object is cofibrant (see [RV15a, 2.2.8]) implies that
QS is a quasicategory for every simplicial set S and quasicategory Q. In particu-
lar, quasicategories are enriched over themselves via the usual simplicial exponential
(RQ)n = SSET(Q × ∆
n, R). It is immediately checked that the homotopy category
functor Ho preserves finite products, so that by change of enrichment we get finally the
2-category of quasicategories, QCAT. Its objects are quasicategories, and for quasicate-
gories Q,R, the hom-category QCAT(Q,R) is simply the homotopy category Ho(RQ) of
the hom-quasicategory RQ. This permits the following tautological definition of equiv-
alence of quasicategories.
Definition 1.1. An equivalence of quasicategories is an equivalence in QCAT.
Remark 1.2. Thus an equivalence of quasicategories is a pair of maps f : Q ⇆ R : g
together with two homotopy classes a = [α], b = [β] of morphisms α : Q→ Q∆
1
, β : R→
R∆
1
, with endpoints gf and idQ, respectively, fg and idR, such that a is an isomorphism
in Ho(QQ), as is b in Ho(RR). We can make the definition yet more explicit by noting
that, for each q ∈ Q0, the map α sends q to some α(q) ∈ Q1, and recalling that the
invertibility of a is equivalent to that of each homotopy class [α(q)], as explicated for
instance in the statement below:
Lemma 1.3 ( [RV15a], 2.3.10). The equivalence class [f ] of a map f : Q → R[1] is an
isomorphism in the homotopy category Ho(RQ) if and only if, for every vertex q ∈ Q0
of Q, the equivalence class [f(q)] is an isomorphism in Ho(R).
We now construct the 2-functor HO : QCAT→ PDer (with respect to an arbitrary
Dia.) Restricting to QCat gives us all the forms of HO of interest to us.
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We first extend Ho to a 2-functor of the same name, Ho : QCAT→ CAT. This still
sends a quasicategory to its homotopy category; we must define the action on morphism
categories. This will be for each R and Q a functor
HoQ,R : QCAT(Q,R) = Ho(R
Q)→ Ho(R)Ho(Q) = CAT(Ho(Q),Ho(R))
The functor HoQ,R is defined as the transpose of the following composition across the
product-hom adjunction in the 1-category Cat.
Ho(RQ)×Ho(Q) ∼= Ho(RQ ×Q)
Ho(ev)
−→ Ho(R)
For this isomorphism we have used again the preservation of finite products by Ho. The
morphism ev : RQ ×Q→ R is evaluation, the counit of the adjunction (−)×Q ⊣ (−)Q
between endofunctors of QCAT.
We also need a 2-functor N : CAT→ QCAT sending a category J ∈ CAT to N(J).
The map on hom-categories is the composition JK ∼= Ho(N(JK)) ∼= Ho(N(J)N(K)).
The first isomorphism is the inverse of the counit of the adjunction Ho ⊣ N , which is an
isomorphism by full faithfulness of the nerve. The second uses the fact that N preserves
exponentials, see [Joy08, Proposition B.0.16].
Now we define the associated prederivator.
Definition 1.4. Let Q be a quasicategory. Then the prederivator HO(Q) : Diaop →
CAT is given as the composition
Diaop
Nop
−→ QCATop
Q(−)
−→ QCAT
Ho
−→ CAT
In particular, HO(Q) maps a category J to the homotopy category of J-shaped dia-
grams in Q, that is, to Ho(QN(J)). Given a morphism of quasicategories f : Q → R,
we have a strictly 2-natural morphism of prederivators (see Definition 0.2) HO(f) :
HO(Q) → HO(R) given as the analogous composition HO(f) = Ho ◦ f (−) ◦N , so that
for each category J the functor HO(f)J is given by post-composition with f , that is, by
Ho(fN(J)) : Ho(QN(J))→ Ho(RN(J)).
Remark 1.5. We have left implicit some details above, for instance, that any quasicate-
gory map f : Q→ R induces a 2-natural transformation f (−) :Q(−)→R(−) :QCATop →
QCAT. All such claims follow from the following fact: a monoidal functor F : V → W
induces a 2-functor (−)F : V − Cat → W − Cat between 2-categories of V- and W-
enriched categories. The fully general version of this claim was apparently not published
until recently; it comprises Chapter 4 of [Cru08]. In our case, the functor Ho is monoidal
insofar as it preserves products and thus it induces the 2-functor (−)Ho sending simpli-
cially enriched categories, simplicial functors, and simplicial natural transformations to
2-categories, 2-functors, and 2-natural transformations.
We record the axioms which are satisfied by the prederivator associated to any qua-
sicategory. First, a lemma:
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Lemma 1.6. Let Q be a quasicategory, and X : [1]× [1]→ Ho(Q) a commutative square
in its homotopy category. Suppose we have chosen f, g ∈ Q1 representing the vertical
edges of X, so that [f ] = X|{0}×[1] and [g] = X|{1}×[1]. Then there exists X̂ : f → g in
Ho(Q∆
1
) lifting X, in the sense that 0∗X̂ = X|[1]×{0} and 1
∗X̂ = X|[1]×{1}.
Proof. We must show that any homotopy-commutative square X :  → Ho(Q) with
lifts f, g ∈ (Q)1 of its left and right edges underlies a morphism X̂ : f → g in Ho(Q
∆1).
For this we first lift the top and bottom edges of X to some h and k in Q1 and choose
2-simplices a, b with d0a = g, d2a = h, d0b = k, and d2b = f , so that d1a is a composition
g ◦ h and similarly, d1b is a choice of k ◦ f . Since X was homotopy commutative, we
know [g] ◦ [h] = [k] ◦ [f ] in Ho(Q), that is, [d1a] = [d1b]. So there exists a 2-simplex c
with d0c = d1b, d1c = d1, and d2c degenerate, giving a homotopy between d1a and d1b.
Now we have a map H : Λ31 → Q with d0H = b, d2H = c, and d3H degenerate on f .
Filling this to a 3-simplex Hˆ, we have d1Hˆ a 2-simplex with faces k, d1a, and f , and so
d1Hˆ and a fit together into a map S : ∆
1 → Q∆
1
, which represents the desired Xˆ .
Proposition 1.7. The prederivator HO(Q) satisfies the axioms (Der1), (Der2), and
(Der5’).
Proof. The axiom (Der1) follows from the fact that Q 7→ QJ preserves coproducts in
J , and that Ho preserves all products. (Der2) is precisely Lemma 1.3. For (Der5’),
surjectivity of dia
[1]
J follows immediately from the definition of the homotopy category.
Fullness is exacctly the statement of Lemma 1.6.
It may be worth noting that, while it is possible to define a 2-category SSet of sim-
plicial sets using τ1 and extend HO to SSet, the prederivator associated to an arbitrary
simplicial set will not, in general, satisfy any of the three axioms. It is straightforward
to see that HO(S) need not satisfy (Der2) or (Der5), while the reason (Der1) may fail
is that τ1, unlike Ho, need not preserve infinite products.
The simplicial enrichment of prederivators
The 2-functor HO : QCAT→ PDer factors through the subcategory PDerstr in which
the morphisms are required to be strictly 2-natural. Its underlying category PDerstr
admits a simplicial enrichment PDer•, as we now recall.
Muro and Raptis showed how to define the simplicially enriched category PDer•
in [MR]. First, note that for any prederivator D and each category J ∈ Dia we
have a shifted prederivator DJ = D ◦ (J × −). This shift is a special case of the
cartesian closed structure on PDer discussed in [Hel97, Section 4]. Explicitly, given
two prederivators D1,D2, and denoting by Ĵ the prederivator represented by a small
category J , the exponential is defined by DD12 (J) = PDer(Ĵ × D1,D2). Then the
2-categorical Yoneda lemma implies that the shifted prederivator DJ is canonically iso-
morphic to the prederivator exponential D Ĵ . This allows us to interpret expressions such
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as Dα : Du ⇒ Dv : DK → DJ , when α : u⇒ v : J → K is a natural transformation, by
using the internal hom 2-functor.
Remark 1.8. For a natural transformation α : u ⇒ v : J → K between functors in
Cat, the preceding definition of Dα gives only a shadow of the full action of α on D .
The natural transformation α corresponds naturally to a functor α¯ : J × [1] → K,
associated to which we have a prederivator morphism D α¯ : DK → DJ×[1], that is, a
family of functors D(K × I) → D(J × I × [1]). This is strictly more information, as
composing with the underlying diagram functor dia
[1]
J×I : D(J × I × [1]) → D(J × I)
[1]
recovers our original Dα. What is happening here is that the entity D (−) is more than
a 2-functor Catop → PDer: it is a simplical functor (Catop• )N → PDer• from the
simplicial category of nerves of categories to the simplicial category of prederivators,
which we must now define.
For each category J let diagJ : J → J × J be the diagonal functor.
Definition 1.9. We define PDer• as a simplicially enriched category whose objects are
the prederivators. The mapping simplicial sets have n−simplices as follows: PDern(D1,D2) =
PDerstr(D1,D
[n]
2 ). For (f, g) ∈ PDern(D2,D3) × PDern(D1,D2), the composition
f ∗ g : D1 → D
[n]
3 is given by the formula below, in which we repeatedly apply the
internal hom 2-functor discussed above Remark 1.8.
D1
g
−→ D
[n]
2
f [n]
−→
(
D
[n]
3
)[n]
∼= D
[n]×[n]
3
D
diag[n]
3−→ D
[n]
3
In [MR] a restriction of this enrichment, which we now recall, was of primary interest.
Each prederivator D has an “essentially constant” shift by a small category J denoted
DJeq. This is defined as follows: D
J
eq(K) ⊆ D(J × K) is the full subcategory on those
objects X ∈ D(J ×K) such that in the partial underlying diagram diaJK(X) ∈ D(K)
J ,
the image of every morphism of J is an isomorphism in D(K). We shall only need
J = [n], when an object of D
[n]
eq (K) has as its partial underlying diagram a chain of n
isomorphisms in D(K).
Then we get another simplicial enrichment:
Definition 1.10. The simplicial category PDereq• is the sub-simplicial category of
PDer• with PDer
eq
n (D1,D2) = PDer
str(D1,D
[n]
2,eq).
This leads to the notion of equivalence of prederivators under which Muro and Raptis
showed Waldhausen K-theory is invariant.
Definition 1.11. A coherent equivalence of prederivators is a quadruple (F,G,α, β) of
prederivator morphisms F : D1 → D2, G : D2 → D1, α : D1 → D
[1]
1,eq, and β : D2 → D
[1]
2,eq
such that the vertices of α are GF and idD1 , and similarly for β.
Remark 1.12. A coherent equivalence of prederivators gives rise to an equivalence in
PDer, but the converse does not hold. To illustrate this, recall (0.2) that a 2-morphism
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in PDer is a modification Ξ : α→ β : D1 → D2, which amounts to a family of natural
transformations ΞJ : αJ → βJ . The components of ΞJ are morphisms in D2(J): heuris-
tically, homotopy classes of morphisms in some background model. Then ΞJ may be
thought of as a transformation between functors, only natural up to homotopy.
In contrast, a 1-simplex F in the mapping simplicial set from D1 to D2 is more rigid:
F sends each object X ∈ D1(J) to an object of D2(J × [1]), so that, roughly, in passing
from PDer to PDer• we have refined a natural tranformation up-to-homotopy to a
homotopy coherent natural transformation.
2 The embedding QCAT→ PDerstr of ordinary categories
In this section, we prove that categories of arbitrarily large quasicategories embed fully
faithfully in any category of prederivators and strict morphisms. We extend this result
to a fully faithful embedding of simplicial categories, as well as of categories enriched in
Kan complexes.
Theorem 2.1. The ordinary functor HO : QCAT → PDerstr is fully faithful. It
follows that the simplicial functor HO : QCAT• → PDer• is simplicially fully faithful.
We first give a corollary.
Define, for the moment, QPDer• ⊆ PDer• to be the image of quasicategories
in prederivators, so that the theorem gives an isomorphism of simplicial categories
QCAT•
∼= QPDer•. In particular, QPDer• is not merely a simplicial category, but
actually a category enriched in quasicategories.
Recall that the inclusion of Kan complexes into quasicategories has a right adjoint ι,
which we will call the Kan core. For a quasicategory Q, the core ιQ is the sub-simplicial
set such that an n-simplex x ∈ Qn is in (ιQ)n if and only if every 1-simplex of x is an
isomorphism in Ho(Q). See [Joy02, Section 1].
As a right adjoint, ι preserves products, so that for any quasicategorically enriched
category C we have an associated Kan complex-enriched category Cι, given by taking
the core homwise. This change of enrichment is more difficult to achieve for general
simplicially enriched categories, which explains our inelegant introduction of QPDer•.
Corollary 2.2. The associated prederivator functor HO : QCAT• → PDer• induces
an isomorphism of Kan-enriched categories HOι : (QCAT•)ι → QPDer•,ι.
Proof. The given Kan-enriched functor exists via the base change construction of en-
riched category theory; see Remark 1.5. It is defined predictably, in the manner of
Equation 2.3 below. We just have to show that HOι induces isomorphisms on hom-
objects, since HOι is bijective on objects by definition. Given the isomorphism HOQ,R :
QCAT•(Q,R)
∼= PDer•(HO(Q),HO(R)) of Theorem 2.1, we get isomorphisms
(2.3) ι(HOQ,R) : ι(QCAT•(Q,R))
∼= ι(PDer•(HO(Q),HO(R)))
as desired.
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Remark 2.4. The Kan-enriched category QCAT•,ι is a model of the homotopy theory of
homotopy theories, which thus embeds into prederivators. In particular, the homotopy
category of homotopy theories embeds in the simplicial homotopy category of PDereq• .
In Section 3, we improve this to show that the homotopy 2-category in the sense
of [RV15b] embeds in the 2-category PDerCat, a much more concrete object, under
certain size assumptions. The word the is partially justified here by work of Low [Low13]
indicating that the 2-category QCat has a universal role analogous to that of “the
homotopy category”, namely, the homotopy category of spaces.
We turn to the proof of Theorem 2.1. We must show that the ordinary functor
HO gives an isomorphism between the sets QCAT(Q,R) and PDerstr(HO(Q),HO(R)).
This is Proposition 2.9, whose proof has the following outline:
(1) Eliminate most of the data of a prederivator map by showing strict maps HO(Q)→
HO(R) are determined by their restriction to natural transformations between ordi-
nary functors Catop → Set. This is Lemma 2.6.
(2) Show that HO(Q) and HO(R) recover Q and R upon restricting the domain to ∆op
and the codomain to Set, and that natural transformations as in the previous step
are in bijection with maps Q→ R. This is Lemma 2.8.
(3) Show that HO(f) restricts back to f for a map f : Q→ R, which implies that HO is
faithful, and that a map F : HO(Q) → HO(R) is exactly HO applied to its restric-
tion, which implies that HO is full. This constitutes the proof of Proposition 2.9
proper.
Let us begin with step (1).
Definition 2.5. A Dia-set is a large presheaf on Dia that is, an ordinary functor
Diaop → SET.
Given a prederivator D , let Dob : Diaop → SET be its underlying Dia-set, so that
Dob sends a small category J to the set of objects ob(D(J)) and a functor u : I → J to
the action of D(u) on objects.
Recall that where (Der5) requires that dia : D(J × [1]) → D(J)[1] be (full and)
essentially surjective, (Der5’) insists on actual surjectivity on objects. The following
lemma shows that under this assumption most of the apparent structure of a strict
prederivator map is redundant.
Lemma 2.6. A strict morphism F : D1 → D2 between prederivators satisfying (Der5’) is
determined by its restriction to the underlying Dia-sets Dob1 ,D
ob
2 . That is, the restriction
functor from prederivators satisfying (Der5’) to Dia-sets is faithful.
Proof. The data of a strict morphism F : D1 → D2 is that of a functor FJ : D1(J) →
D2(J) for every J . (Note the simplification here over pseudonatural transformations,
which require also a natural transformation associated to every functor and do not
induce maps of Dia-sets. That is the fundamental difficulty leading to the dramatically
different techniques of the next sections.)
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The induced map F ob : Dob1 → D
ob
2 is given by the action of F on objects. So to
show faithfulness it is enough to show that, given a family of functions rJ : ob(D1(J))→
ob(D2(J)), that is, the data required in a natural transformation between Dia-sets,
there is at most one 2-natural transformation with components FJ : D1(J) → D2(J)
and object parts ob(FJ ) = rJ .
Indeed, suppose F is given with object parts rJ = ob(FJ ) and let f : X → Y be
a morphism in D1(J). Then by Axiom (Der5’), f is the underlying diagram of some
f̂ ∈ D1(J × [1]). By 2-naturality, the following square must commute:
D1(J × [1])
FJ×[1]
−−−−→ D2(J × [1])
dia
[1]
J
y dia[1]J y
D1(J)
[1] FJ−−−−→ D2(J)
[1]
Indeed, dia
[1]
J is the action of a prederivator on the unique natural transformation between
the two functors 0, 1 : [0] → [1] from the terminal category to the arrow category, as
is described in full detail below [Gro13, Proposition 1.7]. Thus the square above is
an instance of the axiom of respect for 2-morphisms. It follows that we must have
FJ(f) = FJ(dia
[1]
J f̂) = dia
[1]
J (rJ×[1](f̂)).
Thus if F,G are two strict morphisms D1 → D2 with the same restrictions to the
underlying Dia-sets, they must coincide, as claimed.
Note the above does not claim that the restriction functor is full: the structure of
a strict prederivator map is determined by the action on objects of each D1(J),D2(J),
but it is not generally true that an arbitrary map of Dia−sets will admit a well defined
extension to morphisms.
We proceed to step (2) of the proof.
Let us recall the theory of pointwise Kan extensions for ordinary categories. Let
F : C → D and G : C → E be functors. At least if C and D are small and E is complete,
then we always have a right Kan extension F∗G : D → E characterized by the adjunction
formula ED(H,F∗G) ∼= E
C(H ◦ F,G) and computed on objects by
(2.7) F∗G(d) = lim
d↓F
G ◦ q
Here d ↓ F is the comma category with objects (c, f : d → F (c)) and morphisms the
maps in C making the appropriate triangle commute, and q : d ↓ F → C is the projection.
Lemma 2.8. Let j : ∆op → Diaop be the inclusion. Then for any quasicategory R, the
Dia-set HO(R)ob underlying HO(R) is the right Kan extension of R along j.
Proof. For any small category J , the Dia-set HO(R)ob takes J to the set of simplicial
set maps from J to R:
HO(R)ob(J) = ob(Ho(RN(J))) = SSET(N(J), R)
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We shall show that the latter is the value required of j∗R, which exists and is calculated
via Equation 5.1 since SET is complete (in the sense of a universe in which its objects
constitute the small sets.)
First, one of the basic properties of presheaf categories implies that N(J) is a colimit
over its category of simplices. That is, N(J) = colim
∆↓NJ
y ◦ q, where q : ∆ ↓ NJ → ∆ is
the projection and y : ∆→ SSet is the Yoneda embedding.
Then we can rewrite the values of HO(R)ob as follows:
HO(R)ob(J) = SSET(N(J), R) = SSET(colim
∆↓NJ
y ◦ q,R) ∼=
lim
(∆↓NJ)op
SSET(y ◦ q,R) ∼= lim
(∆↓NJ)op
R ◦ qop
The last isomorphism follows from the Yoneda lemma.
The indexing category (∆ ↓ N(J))op has as objects pairs (n, f : ∆n → N(J)) and
as morphisms a¯ : (n, f) → (m, g), the maps a : ∆m → ∆n such that f ◦ a = g.
That is, (∆ ↓ N(J))op ∼= N(J) ↓ ∆op, where on the right-hand side N(J) is viewed
as an object of SSETop. Using the full faithfulness of the nerve functor N , we see
(∆ ↓ N(J))op ∼= J ↓ ∆op, where again J ∈ Diaop.
Thus, if qop serves also to name the projection J/∆op → ∆op, we may continue the
computation above with
HO(R)ob(J) ∼= lim
J↓∆op
R ◦ qop
This is exactly the formula for j∗R(J) recalled above. The isomorphism thus constructed
is certainly natural with respect to the action on maps of the Kan extension, so the lemma
is established.
We arrive at step (3).
Proposition 2.9. The homotopy category functor HO : QCAT → PDerstr is a fully
faithful embedding of ordinary categories.
Proof. Note that, by Lemma 2.8, the restriction of HO(Q)ob to a functor ∆op → SET
is canonically isomorphic to Q, since Kan extensions along fully faithful functors are
splittings of restriction. Thus a map F : HO(Q) → HO(R) restricts to a map ρ(F ) :
Q → R. In fact, we have a natural isomorphism ρ ◦ HO ∼= idQCAT, so that ρ ◦ HO(f)
is again f , up to this isomorphism. Indeed, given f : Q → R, we already know how to
compute HO(f) as Ho ◦
(
fN(−)
)
. Then the restriction ρ(HO(f)) : Q→ R, which we are
to show coincides with f , is given by ρ(HO(f))n = ob ◦ Ho ◦ f
∆n . That is, ρ(HO(f))
acts by the action of f on the objects of the homotopy categories of Q∆
n
and R∆
n
. In
other words, it acts by the action of f on the sets SSET(∆n, Q) and SSET(∆n, R); via
Yoneda, ρ(HO(f)) acts by f itself.
It remains to show that HO(ρ(F )) = F for any F : HO(Q)→ HO(R). By Lemma 2.6
it suffices to show that the restrictions of HO(ρ(F )) and F to the underlying Dia−sets
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coincide. Using Lemma 2.8 and the adjunction characterizing the Kan extension, we
have
SETDia
op
(HO(Q)ob,HO(R)ob) = SETDia
op
(j∗Q, j∗R) ∼= SSET(j
∗j∗Q,R) ∼= SSET(Q,R)
In particular, maps between Qob and Rob agree when their restrictions to Q and R do.
Thus we are left to show that ρ(HO(ρ(F ))) = ρ(F ). But as we showed above, ρ ◦HO is
the identity map on SSET(Q,R), so the proof is complete.
Proof of the simplicial embedding. We have just one loose end to tie up to finish the
simplicial part of Theorem 2.1: we must extend HO to a simplicially enriched functor.
This follows formally from the following interpretation of the simplicial enrichments on
QCAT and PDerstr. Each category has a given cosimplicial object, respectively given
by the representable simplicial sets ∆• and the representable prederivators [̂•], where
we have a natural isomorphism [̂•] ∼= HO(∆•) following from the full faithfulness of the
nerve. Similarly, we have the canonical bicosimplicial objects ∆• ×∆• and ̂[•]× [•] ∼=
HO(∆• ×∆•).
This shows that for any quasicategory R, the simplicial prederivator HO(R)[•] is
naturally isomorphic to HO(R∆
•
). Thus the isomorphisms of Proposition 2.9 are in fact
isomorphisms of simplicial sets:
PDer•(HO(Q),HO(R)) = PDer
str(HO(Q),HO(R)[•]) ∼= QCAT(Q,R∆
•
)
As to respect for the simplicial compositions inQCAT• and PDer•, we observe similarly
that the operations f 7→ f [n] and diag[n] are preserved by HO, both being induced
by the action of functors between ∆ and ∆ × ∆, namely, projection and diagonal,
on the canonical cosimplicial objects in QCat and PDer, as well as their bisimplical
analogues.
3 The embedding QCat→ PDer of 2-categories
We shall now prove
Theorem 3.1. Let QCat denote the 2-category of small quasicategories. Then the
2-functor HO : QCat → PDerCat is bicategorically fully faithful; that is, it induces
equivalences of hom-categories QCat(Q,R) ≃ PDerCat(HO(Q),HO(R)).
The core tool for the proof is Theorem 3.3 below, which says that every quasicategory
is a localization of a category. It is due to Joyal but first published by Stevenson
in [Ste16].
First we recall the notion of ∞-localization, often just “localization,” for simplicial
sets and quasicategories.
Definition 3.2. Let f : S → T be a map of simplicial sets and W ⊆ S1 a set of edges.
For any quasicategory Q, let QSW be the full sub-quasicategory of Q
S on those maps
g : S → Q such that g(w) is an equivalence in Q for every edge w ∈ W.
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Then we say f exhibits T as an ∞-localization of S at W if, for every quasicategory
Q, pullback along f induces an equivalence f∗ : QT → QSW of quasicategories.
In particular, if f : S → T is a localization at W then for any quasicategory Q,
the pullback f∗ : Ho(QT ) → Ho(QS) is fully faithful, as we will use repeatedly below.
Specifically, f∗ is an equivalence onto the full subcategory Ho(QSW) ⊆ Ho(Q
S), since the
2-functor Ho preserves equivalences.
Let ∆ ↓ S be the category of simplices of a simplicial set S, and let pS : N(∆ ↓ S) → S
be the natural extension of the projection (f : ∆m → S) 7→ f(m). Finally, let LS be the
class of arrows a : (f : ∆m → S)→ (g : ∆n → S) in ∆ ↓ S such that a(n) = m, that is,
the last-vertex maps. Then we have the following theorem:
Theorem 3.3 ( [Ste16]). For any quasicategory Q, the last-vertex projection pQ exhibits
Q as an ∞-localization of the nerve N(∆ ↓ Q) at the class LQ.
Thus every quasicategory Q is canonically a localization of its category ∆ ↓ Q of
simplices.
Remark 3.4. Observe that N(∆ ↓ (−)) constitutes an endofunctor of simplicial sets and
that p : N(∆ ↓ (−))→ idSSet is a natural transformation
We turn to the proof.
Proof of Theorem 3.1. First, we must show that if F : HO(Q)→ HO(R) is a pseudonat-
ural transformation, then there exists h : Q → R and an isomorphism Λ : HO(h) ∼= F .
Observe that, since Q is small, ∆ ↓ Q is in Cat. Now we claim that F∆↓Q(pQ) :∆ ↓ Q→
R sends the class LQ of last-vertex maps into equivalences in R. Indeed, if ℓ : ∆
1 →
∆ ↓ Q is in LQ, then we have, using F ’s respect for 2-morphisms and the structure
isomorphism Fℓ,
F[0](dia(ℓ
∗pQ)) = dia(F[1](ℓ
∗pQ)) ∼= dia(ℓ
∗F∆↓J (pQ))
Thus dia(ℓ∗F∆↓J (pQ)) is an isomorphism in Ho(R), since dia(ℓ
∗pQ) is an isomorphism
in Ho(Q). Then using the delocalization theorem, we can define h : Q→ R as any map
admitting an isomorphism σ : h ◦ pQ ∼= F∆↓Q(pQ).
We must prove that HO(h) is isomorphic to F . From σ, we get an invertible modi-
fication HO(σ) : HO(h ◦ pQ) ⇒ HO(F∆↓Q(pQ)) : HO(∆ ↓ Q) → HO(R). Now for each
X : J → Q, we can define ΛX,J : h ◦X ∼= FJ(X) uniquely by requiring ΛX,J ∗ pJ to be
the composition
h◦X◦pJ = h◦pQ◦∆ ↓ X ∼= F∆↓Q(pQ)◦∆ ↓ X ∼= F∆↓J(pQ◦∆ ↓ X) = F∆↓J (X◦pJ ) ∼= FJ (X)◦pJ
The naturality of ΛJ,X in X follows from the pseudonaturality of F . Specifically,
of the three isomorphisms which compose ΛJ,X , the first is a component of one of the
natural transformations making up the modification HO(σ), while the latter two are
instances of the natural isomorphisms given as part of the structure of F .
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That gives us natural isomorphisms ΛJ : HO(h)J ⇒ FJ for each J . To verify that
the ΛJ assemble into a modification, consider any u : K → J . Then we must show that,
for any X : J → Q, the diagram
hXu FJ(X)u
FK(Xu)
ΛJ,X∗u
ΛK,Xu
Fu
commutes. Using, as always, full faithfulness of the pullback along a localization, we
may precompose with pK . Then the modification axiom is verified by the commutativity
of the following diagram:
hXupK FJ (X)upK
hXpJ∆ ↓ u FJ (X)pJ∆ ↓ u FJ(X)upK
hpQ∆ ↓ Xu F∆↓J (XpJ)∆ ↓ u FK(Xu)pK
F∆↓Q(pQ)∆ ↓ Xu F∆↓J (pQ∆ ↓ X)∆ ↓ u F∆↓K(XupK)
F∆↓K(pQ∆ ↓ Xu)
ΛJ,X∗upK
ΛJ,X∗pJ∆↓u
Fu∗pKFpJ ∗∆↓u
FpK
F−1∆↓X∗∆↓u
F−1∆↓Xu
F∆↓u
The upper left square commutes since upK = pJ∆ ↓ u. The left central hexagon com-
mutes by definition of ΛJ,X , and the lower left triangle and right-hand heptagon commute
by functoriality of the pseudonaturality isomorphisms of F . Meanwhile, the outer route
aruond the diagram from hXupK to FJ(X)upK is FuΛK,Xu, while the inner route is
ΛJ,X ∗ upK . So Λ is an invertible modification HO(h) ∼= F , as desired.
Now we assume given a modification Ξ : HO(f) ⇒ HO(g) : HO(Q) → HO(R),
and must show there exists a unique ξ : f ⇒ g with HO(ξ) = Ξ. First, we consider
ΞpQ : f ◦ pQ → g ◦ pQ, which is a morphism in the homotopy category Ho(R
∆↓Q).
According to (Der5’), we can lift this to a map Ξ̂pQ : ∆ ↓ Q→ R
∆1 with dia(Ξ̂pQ) = ΞpQ.
Since the domain and codomain f ◦ pQ and g ◦ pQ of Ξ̂pQ invert the last-vertex maps
LQ, by (Der2) so does Ξ̂pQ itself, so that we have Ξ̂
′ : Q → R∆
1
with an isomorphism
a : Ξ̂′ ∗ pQ ∼= Ξ̂pQ . The domain and codomain 0
∗a : 0∗Ξ̂′ ∼= fpQ and 1
∗a : 1∗Ξ̂′pQ ∼= gpQ
give rise to unique isomorphisms i : 0∗Ξ̂′ ∼= f and j : 1∗Ξ̂′ ∼= g. Now let Ξ̂ : Q → R∆
1
satisfy dia(Ξ̂) = j ◦ dia(Ξ̂′) ◦ i−1 and let b : Ξ̂ ∼= Ξ̂′ be an isomorphism lifting (i−1, j−1) :
dia(Ξ̂) → dia(Ξ̂′). Then a ◦ (b ∗ pQ) : Ξ̂ ◦ pQ → Ξ̂pQ is an isomorphism with endpoints
fixed, insofar as 0∗(b ∗ pQ) = i
−1 ∗ pQ = 0
∗a−1 and similarly 1∗(b ∗ pQ) = 1
∗a−1. Thus
[Ξ̂ ◦ pQ] = [Ξ̂pQ ] in Ho(R
∆↓Q).
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Notice that any other choice Ξ̂2 for Ξ̂ is homotopic to ours with endpoints fixed,
since Ξ̂2 ∗ pQ and Ξ̂ ∗ pQ are homotopic via the composition of their homotopies with
Ξ̂pQ and pullback along pQ is faithful. So ξ := dia(Ξ̂) is unique; it remains to show that
it maps to Ξ under HO. To that end, we claim that for every X : J → Q, ξ ∗X = ΞX .
As above, it suffices to precompose X with pJ , and then we have
ξ ∗X ∗ pJ = dia(Ξ̂) ∗ pQ ∗∆ ↓ X = dia(Ξ̂ ◦ pQ) ◦∆ ↓ X
= ΞpQ ∗∆ ↓ X = ΞpQ◦∆↓X = ΞX◦pJ = ΞX ∗ pJ
as desired. In the equations above we have used the 2-functoriality of HO(R), naturality
of p, and the modification property of Ξ. So HO(ξ) = Ξ, as was to be shown.
4 Whitehead’s theorem for quasicategories
In this section, we prove that HO : QCAT → PDer detects equivalences, regardless
of the choice of Dia. One does not hope to prove all of Theorem 3.1 for arbitrary
quasicategories, as is most intuitive to see in the case of HO : QCat → PDerHFin.
Since the 2-category HFin of homotopy finite categories is small, prederivators of that
domain form a strictly concrete 2-category in the sense that we have a 2-functor U ,
faithful on 1- and 2-morphisms, from PDerHFin → Cat given by
U(D) = D 7→
∏
J∈HFin
D(J)×
∏
u:K→J
D(J)[1]
For F : D1 → D2 , we have U(F ) = ((FJ ), (Fu : D(J)
[1] → D(K)[1])), while for
Ξ : F1 ⇒ F2, we have U(Ξ) = ((ΞJ ), (Ξu : Fu ⇒ Gu)). The functor Fu sends f : X → Y
to the arrow u∗F (X)→ F (u∗Y ) which can be defined in two equivalent ways using the
pseudonaturality isomorphisms of F . Similarly, the components of Ξu are u ∗ ΞX and
Ξu∗Y , and it is straightforward to check that these objects are, respectively, a functor
and a natural transformation. The reason for the unfamiliar u terms in the definition of
C is that a pseudonatural transformation is not determined by its action on objects.
Since HO : QCat → PDerHFin is faithful on 1-morphisms, if it were also faithful
on 2-morphisms then QCat would be a concrete 2-category. In perhaps more familiar
terms, there would be no “phantom homotopies” between maps of quasicategories. That
this should be the case strains credulity, given the famous theorem of Freyd [Fre04] that
the category of spaces Hot is not concrete.
We will use the main theorem of [Car18], which says that the 2-category KAN ⊆
QCAT of Kan complexes is strongly generated by the tori (S1)n, in the sense that a
morphism f : X → Y of Kan complexes is a homotopy equivalence if and only if, for
each n, the functor KAN((S1)n, f) is an equivalence of groupoids. We rephrase this in
a form more convenient for our purposes:
Theorem 4.1. The restriction of HO : QCAT → PDerHFin to the 2-category KAN
reflects equivalences.
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Proof. Given f : X → Y in KAN, the image HO(f) is an equivalence in PDerHFin
if and only if, for every homotopy finite category J , the induced functo Ho(fN(J)) :
Ho(XN(J)) → Ho(Y N(J)) is an equivalence. Since the classical model structure on
simplicial sets is also Cartesian, we have equivalences Ho(XN(J)) ≃ Ho(XRN(J)), and
similarly for Y , where R is a Kan fibrant replacement functor. Now, by Thoma-
son’s theorem [Tho80], as J varies, RN(J) runs through all finite homotopy types.
In particular, if HO(f) is an equivalence of prederivators, then f induces equivalences
Ho(X(S
1)n) → Ho(Y (S1)n) for every n, which is to say, KAN((S1)n, f) is an equiva-
lence. Thus f must be an equivalence.
To make use of the above result to prove results on the relationship between quasicat-
egories and their prederivators, we first recall what Rezk has described as the fundamen-
tal theorem of quasicategory theory. First, recall that a quasicategory Q has mapping
spaces Q(x, y) for each x, y ∈ Q, which can be given various models. We shall use the
balanced model in which we have Q(x, y) = {(x, y)} ×Q×Q Q
∆1 , so that an n-simplex
of Q(x, y) is a prism ∆n × ∆1 in Q which is degenerate on x and y at its respective
endpoints.
We say that a map f : Q → R of quasicategories is fully faithful if it induces
an equivalence of Kan complexes Q(x, y) → R(f(x), f(y)) for every x, y ∈ Q. It is
essentially surjective if, for every z ∈ R, there exists x ∈ Q and an edge a : f(x) → z
which becomes an isomorphism in Ho(R). Then we have
Theorem 4.2 (Joyal). A map f : Q → R of quasicategories is an equivalence in the
sense of Definition 1.1 if and only if it is fully faithful and essentially surjective.
Now we can prove our Whitehead theorem for quasicategories.
Theorem 4.3. Let f : Q→ R be a map of quasicategories, and suppose that HO(f) is
an equivalence of prederivators. Then f is an equivalence of quasicategories.
Proof. Since HO(f) is an equivalence on the base, f is essentially surjective. Thus we
have only to show f is fully faithful. By Theorem 4.1, it suffices to show that HO(f)
induces an equivalence of prederivators HO(Q(x, y)) ∼= HO(R(f(x), f(y))) for every x
and y in Q. What is more, since for any J we have Q(x, y)NJ ∼= QNJ(p∗Jx, p
∗
Jy), it suffices
at last to show that f induces equivalences fx,y : Ho(Q(x, y)) → Ho(R(f(x), f(y))) on
the homotopy categories of mapping spaces.
Essential surjectivity is proved via an argument that also appeared in the construc-
tion of Ξ̂ in the proof of Theorem 3.1. Namely, from essential surjectivity of HO(f),
given any X ∈ Ho(R(f(x), f(y))) and any Y ∈ HO(Q)([1]) with an isomorphism
s : HO(f)(Y ) ∼= X in HO(R)([1]), we see by conservativity and fullness of HO(f) that
we have isomorphisms 0∗Y ∼= x ∈ HO(Q)(J) and, similarly, 1∗Y ∼= y. Composing these
isomorphisms and diaY in Ho(Q) gives a morphism x→ y in Ho(Q) isomorphic to diaY
in Ho(Q)[1]. By (Der5’) and (Der2) we can lift this to an isomorphism r : Y ′ ∼= Y in
HO(Q)([1]) such that 0∗(s ◦ HO(f)(r)) = idx and 1
∗(s ◦ HO(f)(r)) = idy. This implies
that s◦HO(f)(r) may be lifted to an isomorphism HO(f)(Y ′) ∼= X in Ho(R(f(x), f(y)).
Thus fx,y is essentially surjective.
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For fullness, we observe that if a : Y1 → Y2 ∈ HO(Q)([1]) verifies Y1, Y2 : x → y,
0∗HO(f)(a) = idf(x), and 1
∗HO(f)(a) = idf(y), then we have also 0
∗(a) = idx and 1
∗a =
idy, since HO(f) is faithful. This implies that a can be lifted to a morphism a
′ : Y1 → Y2
in Ho(Q(x, y)) with fx,y(a) = HO(f)(a). And since HO(f) is full, every morphism
HO(f)(Y1) → HO(f)(Y2) in Ho(R(f(x), f(y))) is equal to HO(f)(a) in HO(R)([1]), for
some a.
Finally, we turn to faithfulness. Suppose we have morphisms a, b : Y1 → Y2 in
Ho(Q(x, y)) with fx,y(a) = fx,y(b) in Ho(R(f(x), f(y))). We wish to show a = b. First,
we may represent a and b by aˆ, bˆ ∈ HO(Q)([1] × [1]), each with boundary
x y
x y
Y1
Y2
Let ∂[2] denote the category on objects 0, 1, 2 freely generated by three arrows 0 →
1, 1 → 2, 0→ 2, so that N∂[2] is Joyal equivalent to ∂∆2. The lifts aˆ and bˆ fit together
in a diagram W ∈ HO(Q)([1]×∂[2]) with (01)∗W = q∗Y1, (02)
∗W = aˆ, and (12)∗W = bˆ,
where q : [1] × [1] → [1] projects out the last coordinate. The significance of W is that
we have a = b if and only if W admits an extension Z to HO(Q)([1] × [2]) such that
Z|{0}×[2] = p
∗
[2]x and Z|{1}×[2] = p
∗
[2]y. It suffices to exhibit W
′ ∈ HO(Q)([1] × ∂[2])
with W ′|0×∂[2] = p
∗
∂[2]x and W
′|1×∂[2] = p
∗
∂[2]y admitting such an extension Z
′, together
with an isomorphism t : W → W ′ in HO(Q)([1] × ∂[2]) such that t|0×∂[2] = idp∗
∂[2]
x and
t|1×∂[2] = idp∗
∂[2]
y. Indeed, in this situation W and W
′ both represent maps from S1 to
the Kan complex Q(x, y), Z and Z ′ represent putative extensions to ∆2, and t represents
a homotopy between them.
In particular, since by assumption HO(f)(a) = HO(f)(b) in Ho(R(f(x), f(y))), there
exists an extension T of HO(f)(W ) to HO(R)([1]× [2]) with trivial endpoints, as above.
Now take Tˆ ∈ HO(Q)([1] × [2]) with an isomorphism s : HO(f)(Tˆ ) ∼= T . In particular,
this gives isomorphisms HO(f)(Tˆ )|{0}×[2] ∼= p
∗
[2]f(x) and HO(f)(Tˆ )|{1}×[2]
∼= p∗[2]f(y) in
HO(R)([2]), which lift uniquely to isomorphisms Tˆ |{0}×[2] ∼= p
∗
[2]x and Tˆ |{1}×[2]
∼= p∗[2]y in
HO(Q)([2]). Composing these isomorphisms with diaTˆ and lifting into HO(Q)([1]× [2])
gives Z ′ ∈ HO(Q)([1]× [2]) with Z ′|{0}×[2] = p
∗
[2]x and Z
′|{1}×[2] = p
∗
[2]y, together with an
isomorphism t′ : HO(f)(Z ′) ∼= T in HO(R)([1]×[2]) inducing the identity on p∗[2]f(x) and
p∗[2]f(y), respectively. Restricting t
′ to [1]×∂[2] and lifting to HO(Q)([1]×∂[2]) specifies
an isomorphism t : Z ′|[1]×∂[2] ∼= W such that t|0×∂[2] = idp∗∂[2]x and t|1×∂[2] = idp
∗
∂[2]
y. As
we saw above, this suffices to guarantee that W admits an extension Z as desired.
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